
Getting Started

Statistical Contraction Theory for Learning-based Control of Nonlinear Systems

1 Prerequisites

This course assumes reasonable familiarity with core concepts in linear control theory, the Kalman filter and its
variations, and Lyapunov theory [1, 2, 3]. You do not need to be an expert in any of these. Several homework
assignments require basic Python and PyTorch coding skills. The toy implementation problems included at the
end of this document are intended to help you confirm your environment setup and become familiar with the basic
workflow.

2 Other Useful Preparation

To support the course objective of developing meaningful future research projects and papers, you are encouraged
to bring a challenging dynamical system relevant to your interests/ongoing projects, which can be expressed in the
following form:

ẋ = f(x, u, t)︸ ︷︷ ︸
known part of dynamics

+ d(x, u, t)︸ ︷︷ ︸
unknown part of dynamics

where t denotes time, x denotes the state, and u denotes the control input. This course primarily focuses on
deterministic and continuous-time models, but stochastic and discrete-time/hybrid dynamics are also welcome if
necessary. The goal is to learn mathematical basics to analyze and enhance control-theoretic performance of these
systems using tools from contraction theory, learning, and statistical inference. If you are not yet sure which system
you will focus on, you can use a toy example provided below in your homework.

3 Toy Problems for Coding in Python

3.1 Neural Networks

Consider the following dynamics of a spacecraft orbiting around an unknown astronomical body:
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where ζ(œc) = [ζv(œc), ζh(œc), ζΩ(œc), ζi(œc), ζθ(œc)]
⊤ represents the uncertain part of the dynamics (and the

definitions of all the symbols are given in Table 1 if interested).
In this problem, you are welcome to write your own code if you want, but you can also use my template

template neural net.py in python files if you are new to neural networks. You will use the trained neural
network later for designing a nonlinear estimator to explore this unknown astronomical body with rigorous theoretical
guarantees.

1. Install PyTorch.

2. The data files in python files contain input data.npy and output data.npy:

input data.npy = (11240,7) numpy array with 11240 data points of [r, v, h,Ω, i, cos(θ), sin(θ)] ∈ R1×7

output data.npy = (11240,5) numpy array with 11240 data points of ζ(œc)
⊤ ∈ R1×5.
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When training a neural network, one of the most important steps is to normalize the data to have the
same scales for all the inputs and outputs for stability in learning. To this end, divide each column of
input data.npy and output data.npy by the element with the largest absolute value in each column. All
the normalized elements will have values from −1 to 1.

3. Use the normalized data and train the neural network that approximates ζ(œc). In particular, use the
stochastic gradient descent or its variations until the test error for the normalized data computed by

torch.mean( torch.abs( normalized output data - your learned output ) )

(i.e., lossT in template neural net.py) is below a certain threshold. (Hint: I would recommend setting the
threshold to a value less than 0.0005. You may have to be patient depending on your PC’s spec.)

3.2 Numerical Integration

1. Download the unknown planet zip file.

(a) unknown planet.py contains several helper functions with an example code for numerically integrating
the dynamics (1) of Problem 4 in Problem Set 2. It also contains a function for numerically computing
the Jacobian of a function, getdfdX.

(b) The data directory contains

• the trained neural net hyperparameters (net data.pth, input maxes.npy, and output maxes.npy)
and

• the true state trajectory and measurement data (Xtrue.npy and ytrue.npy), where the measurement
y is given by

y = Hœc =
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• In particular, net data.pth, input maxes.npy, and output maxes.npy are the hyperparameters
(you are welcome to use your own data here) and

Xtrue.npy = (5620,6) array for the time history of the true state œ⊤
c = [r, v, h,Ω, i, θ] ∈ R1×6
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ytrue.npy = (5619,4) array for the time history of the measurement y⊤ ∈ R1×4
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where ∆t = 0.001.
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2. Review each function in unknown planet.py and ensure that the code runs. You should get the following three
figures of the time evolution of the spacecraft’s horizontal and vertical positions, (px, py) = (r cos θ, r sin θ):

(a) (px, py) of the nominal dynamics, i.e., (1) of Problem 4 in Problem Set 2 with ζ = 0,

(b) (px, py) computed by the measurement data ytrue.npy, and

(c) (px, py) of the learned dynamics, i.e., (1) of Problem 4 in Problem Set 2 with ζ replaced by your neural
network approximation ζnn.

3. Install the Python Control Systems Library and familiarize yourself with the control.lqr function.

4. You can use unknown planet in your homework if you want.

Table 1: Summary of the symbols in (1)

Symbol Description

œc State of spacecraft, œc = [r, v, h,Ω, i, θ]⊤

r Radial distance from center of target body

v Radial velocity

h Specific angular momentum

Ω Right ascension of ascending node

i Inclination of orbit

θ True anomaly

µ Gravitational constant of target body
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