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• In the following, ∥ · ∥ denotes the Euclidean norm for vectors
and the induced 2-norm for matrices, i.e., ∥ · ∥ = ∥ · ∥2, unless otherwise
noted.

• For a symmetric square matrix S ∈ Rn×n, we use the notation S ≻ 0, S ⪰ 0,
S ≺ 0, and S ⪯ 0 for the positive definite, positive semi-definite, negative
definite, and negative semi-definite matrices, respectively.

• This lecture is based on [1, 2, 3, 4].
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Robustness in Contraction Theory

Let’s now consider the following perturbed dynamical system:

ẋ = f (x, t) + d(x, t) (1)

where d(x, t) represents external disturbance with supx,t ∥d(x, t)∥ = d̄ < ∞.
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Robustness in Contraction Theory

Let
(1) x1 be an arbitrary perturbed solution trajectory of (1)
(2) x0 be an arbitrary unperturbed solution trajectory of (1) with d(x, t) = 0
(3) q(µ, t) be a smooth path connecting x0 and x1, parameterized by µ ∈ [0, 1],

with q(1, t) = x1 and q(0, t) = x0.
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Robustness in Contraction Theory

Then we can define its virtual system as follows:

q̇ = f (q, t) + µd(x1, t) (2)

which indeed gives
(1) ẋ1 = f (x1, t) + µd(x1, t) if µ = 1
(2) ẋ0 = f (x0, t) if µ = 0.

The differential dynamics is given by

d
dt

(
∂q
∂µ

)
= ∂f

∂q
∂q
∂µ

+ d(x1, t).
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Robustness in Contraction Theory

Theorem (Robust Contraction)
Suppose that there exists M(x, t) = Θ(x, t)⊤Θ(x, t) ≻ 0, ∀x, t, s.t. the following
conditions hold for ∃α > 0, ∀x, t:

Ṁ(x, t) + M(x, t)∂f
∂x + ∂f

∂x

⊤
M(x, t) ⪯ −2αM(x, t) & mI ⪯ M(x, t) ⪯ mI

where I is the identity matrix. Then we have the following:

dM(t) ≤ dM(0)e−αt + d̄
√

m
α

(1 − e−αt) (3)

where dM(t) =
∫ 1

0

∥∥∥Θ(q(µ, t), t)∂q(µ,t)
∂µ

∥∥∥ dµ.
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Robustness in Contraction Theory

Note that more intuitively, (3) reduces to

∥x1(t) − x0(t)∥ ≤ dM(0)
√m e−αt + d̄

α

√
m
m (1 − e−αt)

for x1 and x0 defined in (2).
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Robustness in Contraction Theory

Proof: Let V = ∂q
∂µ

⊤M(q, t) ∂q
∂µ . Using the contraction condition and the virtual

dynamics (2), we get

V̇ ≤ −2αV + 2∂q
∂µ

⊤
M(q, t)d(x1, t) ≤ −2αV + 2d̄

√
m

∥∥∥∥Θ(q, t)∂q
∂µ

∥∥∥∥ .

Since V =
∥∥∥Θ(q, t) ∂q

∂µ

∥∥∥2
by definition, we get

d
dt

(∥∥∥∥Θ(q, t)∂q
∂µ

∥∥∥∥)
≤ −α

∥∥∥∥Θ(q, t)∂q
∂µ

∥∥∥∥ + d̄
√

m.

as long as
∥∥∥Θ(q, t) ∂q

∂µ

∥∥∥ ̸= 0. Applying the comparison lemma and then
path-integrating the results yields (3).
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A Linear System as an Analogy

Let’s start with a very simple example. Consider a linear dynamical system

ẋ = Ax + Bu (4)

where x ∈ Rn is the system state, u ∈ Rm is the control input, and A and B are
constant matrices of appropriate dimensions.
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A Linear System as an Analogy

How can we design u for (4) to exponentially track an arbitrary desired trajectory
xd given by ẋd = Axd + Bud , where ud is an arbitrary desired trajectory?
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A Linear System as an Analogy

We often use the linear quadratic regulator (LQR) given by

u = ud − K (x − xd)

where K = R−1B⊤P is the control gain with the weight R.
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A Linear System as an Analogy

For a quadratic Lyapunov function candidate V = (x − xd)⊤P(x − xd) with
P ≻ 0, the Lyapunov decreasing condition is given by

V̇ = (x − xd)⊤(PA + A⊤P − 2PBR−1B⊤P)(x − xd) ≤ −2α(x − xd)⊤P(x − xd)

where α > 0.
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A Linear System as an Analogy

This gives the following matrix inequality (Riccati inequality):

PA + A⊤P − 2PBR−1B⊤P ⪯ −2αP

which can be convexified as

AQ + QA⊤ − 2BR−1B⊤ ⪯ −2αQ

where Q = P−1.
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A Linear System as an Analogy

Can we formulate an analogous result for nonlinear systems?
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A Linear System as an Analogy

Can simply use V = δx⊤M(x, t)δx instead of V = (x − xd)⊤P(x − xd)?
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Differential Feedback Control

Let’s now consider the following nonlinear dynamical system:

ẋ = f (x, t) + B(x, t)u

where x ∈ Rn and u ∈ Rm. The differential dynamics is given by

δẋ = ∂f
∂xδx + B(x, t)δu +

n∑
i=1

∂bi
∂x δx · ui

where ui is the ith element of u and bi(x, t) is the ith column of B(x, t).
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Differential Feedback Control

As we did in LQR, consider the following differential feedback control policy:

δu = −K (x, t)δx (5)

where K (x, t) = R(x, t)−1B(x, t)⊤M(x, t) is again the control gain with the
state- and time-dependent weight R(x, t).
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Differential Feedback Control

Note that given arbitrary desired control policy ud and xd , u can be computed by
path-integrating (5).
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Differential Feedback Control

Then we can show that the following conditions with M ≻ 0 and α > 0

∂M
∂t +

n∑
k=1

∂M
∂xk

fk + M ∂f
∂x + ∂f

∂x

⊤
M − 2MBR−1B⊤M ⪯ −2αM

n∑
k=1

∂M
∂xk

bi ,k + M ∂bi
∂x + ∂bi

∂x

⊤
M = 0, ∀i = 1, · · · , m

(6)

yield V̇ ≤ −2αV , where V = δx⊤M(x, t)δx, xk is the kth element of x, fk(x, t) is
the kth element of f (x, t), and bi ,k(x, t) is the kth element of bi(x, t) (HW).
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Differential Feedback Control

Note that the conditions (6) can be convexified as follows (HW):

− ∂W
∂t −

n∑
k=1

∂W
∂xk

fk + ∂f
∂xW + W ∂f

∂x

⊤
− 2BR−1B⊤ ⪯ −2αW

−
n∑

k=1

∂W
∂xk

bi ,k + ∂bi
∂x W + W ∂bi

∂x

⊤
= 0, ∀i = 1, · · · , m

where W = M−1. Note that we can further simplify these conditions by using the
geodesic (see [3, 4] for details).
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