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® In the following, || - || denotes the Euclidean norm for vectors
and the induced 2-norm for matrices, i.e., || - || = | - ||2, unless otherwise
noted.

® For a symmetric square matrix S € R"*", we use the notation S = 0, S = 0,
§$ <0, and S < 0 for the positive definite, positive semi-definite, negative
definite, and negative semi-definite matrices, respectively.

® This lecture is based on [1, 2, 3, 4].
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Let's now consider the following perturbed dynamical system:
x = f(x,t)+ d(x,t) (1)

where d(x, t) represents external disturbance with sup, . [|d(x, t)| = d < o0.
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Let

(
(
(

2
3

)
)
)

1) x; be an arbitrary perturbed solution trajectory of (1)

Xo be an arbitrary unperturbed solution trajectory of (1) with d(x, t)

=0

q(u, t) be a smooth path connecting xo and xj, parameterized by u € [0, 1],

W|th q(1,t) = x3 and q(0, t) = xo.
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Then we can define its virtual system as follows:

q=f(q,t) + pd(x1, t)

which indeed gives

(1) %1 = f(x1,t) + pd(xy, t) if p=1

(2) Xp = f(Xo,t) ifMZO.

The differential dynamics is given by

a
dt

(

dq
op

)= ot
"
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Theorem (Robust Contraction)

Suppose that there exists M(x, t) = O(x,t)TO(x, t) = 0, Vx, t, s.t. the following
conditions hold for 3o > 0, Vx, t:

o
M(x, t) + M(x, )8f + g M(x, t) < —2aM(x, t) & ml < M(x, t) < ml

where I is the identity matrix. Then we have the following:
a —
du(t) < du(0)e™** + f(l —e ™)

where dy(t) = f |©(a( t), £) 252 | dp.
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Note that more intuitively, (3) reduces to

[Ix1(2) = xo()]| <

for x; and xg defined in (2).
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T . . - .
Proof: Let V = a—q M(q, t)g—z. Using the contraction condition and the virtual

dynamics (2), we get

V< 2av+2§q M(a, )d(xl,t)g—zav+2a\/ﬁHe(q,t)‘%'
w

2
Since V = H@(q, t)g—gH by definition, we get
d aq oq o
hall ) <« -1 ]
i (o og]) = - lewngi] +avm

as long as H@ q,t H = 0. Applying the comparison lemma and then
path-integrating the results yields (3).
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Let's start with a very simple example. Consider a linear dynamical system

x = Ax + Bu

(4)

where x € R” is the system state, u € R is the control input, and A and B are

constant matrices of appropriate dimensions.
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How can we design u for (4) to exponentially track an arbitrary desired trajectory

X4 given by x4 = Axg + Buy, where uy is an arbitrary desired trajectory?
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We often use the linear quadratic regulator (LQR) given by
u=uy— K(x—xq)

where K = R~IBT P is the control gain with the weight R.
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For a quadratic Lyapunov function candidate V = (x — x4) " P(x — x4) with

P >~ 0, the Lyapunov decreasing condition is given by

V=(x—xq) (PA+A"P —2PBRIBTP)(x — x4) < —2a(x — xg) " P(x — xq)

where a > 0.

Contraction Theory

UIUC Aerospace

February 3, 2026

13 / 23



X LLinois

UIUC Aerospace

H. Tsukamoto

Controller
Design—A
Linear System
as an Analogy

A Linear System as an Analogy

This gives the following matrix inequality (Riccati inequality):

PA4+A"P —2PBR™'BTP < —2aP
which can be convexified as
AQ + QAT —2BRIBT < —2aQ

where Q = P~ L.
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Can we formulate an analogous result for nonlinear systems?
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Can simply use V = éx ' M(x, t)dx instead of V = (x — x4) " P(x — x4)?
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Let’s now consider the following nonlinear dynamical system:

x = f(x,t) + B(x, t)u

where x € R” and u € R™. The differential dynamics is given by

. Of n
0% = = 0 + B(x, t)ou + ;

where u; is the ith element of u and bj(x, t) is the ith column of B(x, t).
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As we did in LQR, consider the following differential feedback control policy:

du = —K(x, t)dx

(5)

where K(x,t) = R(x,t)"1B(x, t)T M(x, t) is again the control gain with the

state- and time-dependent weight R(x, t).

Contraction Theory

UIUC Aerospace

February 3, 2026

18 / 23



X LLinois

UIUC Aerospace

H. Tsukamoto

Controller
Design with
Contraction
Theory

Differential Feedback Control

Note that given arbitrary desired control policy ugy and x4, u can be computed by

path-integrating (5).
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Then we can show that the following conditions with M > 0 and a > 0

of  of T

Z fk+l\/l +— M—-2MBR1B"M < —2aM
1 Ox ox  Ox (6)
6
Controller abl 8bl T
esign wit 7bl M =V, v':]'?'..?
gontgractio: g an ,k + 8x 8X 0 : m

Theory

yield V < —2aV, where V = dx M(x, t)dx, xj is the kth element of x, fi(x, t) is
the kth element of f(x, t), and b; x(x, t) is the kth element of b;(x, t) (HW).
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Note that the conditions (6) can be convexified as follows (HW):

ow of

———Z—fk+—W+W—

an

Ob; ob; "

=Y b+ W+
kz::lé?xk KT % ox

of T
Ox

—2BR7IBT < —2aW

where W = M~1. Note that we can further simplify these conditions by using the

geodesic (see [3, 4] for details).
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