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® In the following, || - || denotes the Euclidean norm for vectors
and the induced 2-norm for matrices, i.e., || - || = | - ||2, unless otherwise
noted.

® For a symmetric square matrix S € R"*", we use the notation S =0, S > 0,
5 <0, and S < 0 for the positive definite, positive semi-definite, negative
definite, and negative semi-definite matrices, respectively.

® This lecture is based on [1, 2, 3, 4].
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Nonlinear Control with Formal Guarantees

Let’s again consider the following perturbed nonlinear dynamical system:

x = f(x,t)+d(x,t)

where d(x, t) represents external disturbance with sup, . [|d(x, t)|| = d < oo.
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Nonlinear Control with Formal Guarantees

How do we know that d(x, t) is bounded in the first place?

We could sample data of d(x, t) to empirically check if it is bounded, but do you
think this is sufficient in safety-critical applications, e.g., in space?
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Prediction Error Bound

This issue represents a central difficulty in machine learning.

Suppose a Llama large language model (LLM) outputs the following prompt:

Test prompt: What should I do with my life?
Research topic: aerospace robotics

Generating text before fine-tuning

What should I do with my life? This is a question that has plagued many people
for years. It’s a question that can be both exciting and terrifying. First,
let me tell you that there is no one-size-fits-all answer. What works for one
person may not work for another. What’s most important is to take the time to
reflect on your values, passions, and strengths. Ask yourself:

* What do I love doing?

* What makes me feel fulfilled?

* What

Contraction Theory UIUC Aerospace February 3, 2026 8 /44
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How can we verify that the LLM does not hallucinate, meaning its output is a
valid and accurate response to the input prompt?
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Prediction Error Bound

Suppose that we have a predictor for our system's uncertainty with N real-world

data points describing the uncertainty.

Can we mathematically say anything about the uncertainty without knowing
anything about the prediction structure and data distribution?
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Statistical Inference

Definition (Statistic)

A statistic is any measurable function that depends only on the observed sampled

data (51,52, -+, Sn) given as follows:

y = T(513527"' 7SN)-

For example,

Tord(Sla e 7SN) =

(Sx)> -+ » Sw(w))

are referred to as the order statistics (where 7 is the rank permutation to be

defined later).
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Statistical Inference

The goal of statistical inference is to learn characteristics of a population from

statistics of data samples.

This implies that statistical inference naturally encompasses all the (parametric)

estimation approaches.

The term “estimation” typically refers to the process of determining unknown

parameters or other quantities of interest that characterize the population.
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Statistical Inference

The key difficulty in statistical inference is that the characteristic parameters of
the population are themselves unknown because, at the beginning, everything

is unknown.
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Statistical Inference

Examples include, but are not limited to

® Probably approximately correct (PAC)-Bayes [5]
e Scenario approach [6, 7]

e Conformal inference [1, 2]

We focus on conformal inference, which may be most compatible with nonlinear

control /estimation without any structural and distributional priors!?.

1T -W. Hsu and H. Tsukamoto. “Statistical guarantees in data-driven nonlinear control:
Conformal robustness for stability and safety”. In: |[EEE Control Systems Letters 9 (2025),
pp. 997-1002. por: 10.1109/LCSYS.2025.3578062.
25, Wei, M. Ornik, and H. Tsukamoto. “Conformal contraction for robust nonlinear control
with distribution-free uncertainty quantification”. In: /EEE Conference on Decision and Control,
to appear. Dec. 2025. DOI: TBA.
Contraction Theory UIUC Aerospace February 3, 2026
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Fundamentals of Order and Rank Statistics

Let 51, -+, Sy € R be real-valued random variables.

Definition (Exchangeability)

For any permutation o € Py,
d
(517 o 75N) = (50'(1)7 to 750'(N))

. .. . d
where Py is the set containing all the permutations, = means that the two sets of
data samples have the same distribution. In particular, we have

]P)[(Sla o 7SN) € A] = ]P)[(SO'(I)7 e 750'(N)) € A]

for all 3measurable sets A.

3the sets where the probability P[- € A] is well-defined
Contraction Theory UIUC Aerospace February 3, 2026
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Fundamentals of Order and Rank Statistics

Definition (Rank Permutation)

Suppose that

® The data samples (S1,- -+ ,Sn) are exchangeable and
® S; are almost surely distinct, i.e., P[S; # Sj] =1 for i # j.

Let a; be the permuted indices with a; € {1,--- N} for each i € {1,--- ,N}. We

define the rank permutation (a.k.a. ordering permutation) as
Rank(Ss,, -+, Say) =7 € Py
such that

Sr(ar) < Sn(a) <+ < Sn(ap)

Contraction Theory UIUC Aerospace February 3, 2026
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Fundamentals of Order and Rank Statistics

Definition (Rank Vector)

Suppose that

® The data samples (S1,--- ,Sy) are exchangeable and
® S; are almost surely distinct, i.e., P[S; # Sj] =1 for i # j.

We define the rank vector as

R=1[Ry, - ,RN]", where Ry = # {st. Sy < Sy foreachk=1,---,N.

Equivalently, this is given by

R=[R1,---,Rn]", where Rk = Tpom (k) with Tpom = Rank(Sy,--- , Sy).

We call each Ry the rank (or ranking) of the data sample Sy.
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Fundamentals of Order and Rank Statistics

Definition (Rank Statistics)

A statistic T of observed samples (S1,--- , Sn) defined only by their rank vector is

called a rank statistic.
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Suppose that

® The data samples (S1,--- ,Sn) are exchangeable and
onformal ® S; are almost surely distinct, i.e., P[S; # S;] =1 for i # j.

Inference
Then we have

1
P[Rank(Sa,, -+, Say) = 7| = N for all m € Py

where a; € {1,--- N} for each i € {1,---, N} denote arbitrary permuted indices.

Contraction Theory UIUC Aerospace February 3, 2026 19 / 44
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Proof: Let A; be a set of (S,,,- -, Sa,) defined as

Ar = {(Sal, T ,SaN) : S7r(a1) << Sw(aN)}

where m € Pp. Since we have for any permutation o € Py
d

(Sars SSN) = (50(31)7 T >Sa(aN))

due to exchangeability, we get

P[(Salv"' ?SaN) € AW] =P [(50(31)"” ’SU(?"N)) € AW] :

Contraction Theory UIUC Aerospace
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Fundamentals of Order and Rank Statistics

Also, by the definition of A, we have

P[(Say- -+ Say) € Ax] = P[Rank (Ssy, - , Say) = 7]
P [(So(ar)s " »So(an)) € Ar] =P [Rank (So(a)s+ + So(an)) = 7]

and thus

IP’[Rank(Sal, s ,SaN) = 7T] =P [Rank (50(31), cee 750(31\,)) = 71’] .

Contraction Theory UIUC Aerospace February 3, 2026
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Fundamentals of Order and Rank Statistics

Finally, for any m,w € Py, let us define o as
c=nlow=w=moo.

Then we have

Rank (Sy(a1): =+ s So(an) = T Se(o(ar)) < < Sx(o(an))
< Rank (S, -+, S,5y) =@

which yields

P[Rank(sala T 7531\/) = 7T] = IP)[Rank(salv T 753N) = w]

for any 7, € Pp. Using this relation with |Py| = N! completes the proof. O
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Corollary 2

Suppose again that

® The data samples (S1,- - ,Sn) are exchangeable and
® S; are almost surely distinct, i.e., P[S; # Sj] =1 for i # j.

Then we have

1
P[Rk:r]zﬁ forallr=1,--- N

where Ry is the k-th element of the rank vector.

Proof: |Pn| = N! and we have (N — 1)! permutation options if we fix one of

(51,7, Sw)-
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Conformal Inference

Theorem 3 (Conformal Inference)

Suppose that

® The data samples (S1,- -+, Sn, Sn+1) are exchangeable and

® S; are almost surely distinct, i.e., P[S; # Sj] =1 for i # j.

Let Tpom = Rank(S1,- -+, Sy). Then we have

1

P [Sn+1 < Srpn(-s)nr1))] € [1 =81 =8+ 73

where 6 € (0,1) and [-] is the ceiling function.

Contraction Theory

UIUC Aerospace

February 3, 2026

24 / 44



Xunvos  Conformal Inference

UIUC Aerospace

H. Tsukamoto

Proof: We have

P [Sn+1 < Srpon(fa-s)(vt1)))] = P[Ru+1 < [(1 = 0)(N +1)]]

[(1=6)(N+1)] [(1=6)(N+1)]
Conforma 1 — 5 N + 1
InferenceI =P I {RN+1 — r} — § P [RN+1 — r] — IV( N)_(|_ . )—|
r=1 r=1

where Rp1 denotes the rank of Sy, the third equality is due to the fact that
the events {Ryy1 = r} are disjoint, and the last equality is due to Corollary 2.

Contraction Theory UIUC Aerospace February 3, 2026 25 / 44
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Then, by definition of the ceiling function, we have

[(1—=06)(N+1)] S (1-9)(N+1)
N+1 - N+1
and
[(1—=06)(N+1)] (1-0)(N+1)+1

IN

N+1

which completes the proof.

Contraction Theory
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Conformal Inference

Note that the inequality

P [Sn+1 < Srpom(fa-s)(v11)])] € [1 — 4,1

can be interpreted as

P[Sni+1 < [(1 —0)(N + 1)]-th smallest value in (S1,--- , Sn)]

|

1-61-0+4+——
S ) +N—|—

Contraction Theory
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Conformmal Surprisingly, we did not assume anything about the underlying probability
Inference distribution. What's wrong with this bound?
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Conformal Inference

The data you have {S;}¥; (= {(xi, y:)}, for example) has to be exchangeable

with the unknown, real-world data Sy 1.

The bound assumes randomness in (S, -+, Sy), but in practice, this may
or the appendix of this lecture

be fixed (— beta distribution, see

note).
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Consider an unknown function F with inputs X and outputs

Y = F(x) (1)

and let F be a prediction model of F.

Contraction Theory UIUC Aerospace February 3, 2026 30 / 44
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The function F can represent various things.

® Machine learning models predicting real-world phenomena, e.g., stock prices
® Neural networks predicting uncertainty in dynamical systems

® Reinforcement learning agents predicting cumulative rewards

® LLMs/vision language models (VLMs) such as ChatGPT

Examples

Importantly, we will not assume anything about the structure of F or the
distribution of data points.

Contraction Theory UIUC Aerospace February 3, 2026 31/ 44
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Let us define the prediction nonconformity score as
s(x,9) = ||y - )|

where ) is the ground truth output given by (1).

Examples

Given data samples {(X;, V;)} Y, we quantify the prediction nonconformity scores
for the conformal inference as

Si = s(X, ;) = Hy,- “Fx), =1, N

Contraction Theory UIUC Aerospace February 3, 2026 32/ 44
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Also, let
Snt+1 = S(Xnt1, Yny1) = HyN+1 - }A—(XNH)H

Examples

represent the nonconformity score of unseen, future data sample (Xny1, Yn+1)-

Contraction Theory UIUC Aerospace February 3, 2026 33/ 44
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Suppose that

® The data samples (S1,- -+, Sy, Sn+1) are exchangeable and
® The scores are almost surely distinct.
Bxamples Let mpom = Rank(S1,- -+, Sn). Then Theorem 3 implies that

1

< - - N 4 .
P [Sni1 < Spoon(fa-s)(v+1)))] € [1—0,1 =6+ N1

Contraction Theory UIUC Aerospace February 3, 2026 34 / 44
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More intuitively, we have

[HyNH (XNJrl)H [(1 = 6)(N + 1)]-th smallest in (S1,--- , Sn)

1

1—-90,1-—
e{ d, 6+N+1

Examples

We often just use the lower bound to get

[Hy,m (XNH)H [(1— 6)(N + 1)]-th smallest in (Sy,--- , Sn)| > 1— 4.

Contraction Theory UIUC Aerospace February 3, 2026 35/ 44
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In words, this means the unseen prediction error HyNH — ﬁ(XNH)H is bounded
by [(1 — &)(N + 1)]-th smallest value in (S1,---,Sy) at least with probability
1-9.

Examples

This bound is no longer empirical but statistically rigorous. How can we use
it with contraction theory?

Contraction Theory UIUC Aerospace February 3, 2026 36 / 44
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Conditional Coverage

As mentioned earlier, the bound in Theorem 3 assumes randomness in

(51, ,Sn), but in practice, this may be fixed.

Let's briefly see what happens if this is the case, using the conditional cumulative
distribution function (CDF) of Sy defined as

Fs(x) = P[Sn4+1 < x| S1,---, Sn]-
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Conditional Coverage

Theorem 4 (Conditional Coverage)

Suppose that

® The data samples (S1,- -+, Sy, Sn+1) are i.i.d. and
® The common CDF of S;, i =1,--- ,N+1 is strictly increasing and continuous.

Then the following random variable

Fs (Sapom(k)) =P [Snt1 < Srpom) | S1o7 -, Sh]

is beta distributed. Note that the probability itself is a random variable here.

Contraction Theory UIUC Aerospace February 3, 2026 38 / 44
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Conditional Coverage

Proof: Since the common CDF is continuous and strictly increasing, we have

{FS(Sﬂ'nom(k)) S p} A {Sﬂ'nom(k) S S}

for p€(0,1) and s = Fs_l(p), where k € {1,--- | N}. More intuitively, we have

{Fs(Sroom(k)) < P} € {Srom(k) < 5} < {at least k of the N samples are < s}

N
& {Zﬂ{SfSS}Zk

i=1

where 1 is the indicator function.
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Conditional Coverage

Since the data samples are i.i.d., we have P[S; < s] = Fs(s) = p and then
P[S; > s] =1 — p, which implies 1{S; < s} ~ Bernoulli(p) for each i =1,---

This further gives S_N | 1{S; < s} ~ Binomial(N, p), i.e.,

N
P [Zn{s,- <s}> k] =
i=1

Contraction Theory

N

2

j=k
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N
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Thus, we get

P [Fs(Srpom(k))

Fp(p)

dFp

=P [F(Sﬂ'nom(k)) <

N!

N

=

J=

dp:

(k— 1IN —k)*

Contraction Theory

(50

Viewing P = Fs(S;,,.,(k)) @s @ random variable, we can also see that

p]

Therefore, the probability density function (PDF) of P is

1 p)

)"

= P[P < p] is the CDF of P.
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Finally, let @« = k and 8 = N — k + 1. For positive integers n, the

satisfies ['(n) = (n — 1)!, which gives

dfFp NN+1)

dp T(K)F(N—k+1)

P -pN =

MNa+5)

()T (B)

which is indeed the PDF of the beta distribution.
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