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• In the following, ∥ · ∥ denotes the Euclidean norm for vectors
and the induced 2-norm for matrices, i.e., ∥ · ∥ = ∥ · ∥2, unless otherwise
noted.

• For a symmetric square matrix S ∈ Rn×n, we use the notation S ≻ 0, S ⪰ 0,
S ≺ 0, and S ⪯ 0 for the positive definite, positive semi-definite, negative
definite, and negative semi-definite matrices, respectively.

• This lecture is based on [1, 2, 3, 4].

Contraction Theory UIUC Aerospace February 3, 2026 3 / 41



UIUC Aerospace

H. Tsukamoto

Formal
Guarantees in
Data-Driven
Systems

Conformal
Contraction

Conformal
Lyapunov

Conformal
Barrier

Summary

Appendix:
Nonlinear
Estimation with
Conformal
Inference

References

Table of contents

1 Formal Guarantees in Data-Driven Systems

2 Conformal Contraction

3 Conformal Lyapunov

4 Conformal Barrier

5 Summary

6 Appendix: Nonlinear Estimation with Conformal Inference

Contraction Theory UIUC Aerospace February 3, 2026 3 / 41



UIUC Aerospace

H. Tsukamoto

Formal
Guarantees in
Data-Driven
Systems

Conformal
Contraction

Conformal
Lyapunov

Conformal
Barrier

Summary

Appendix:
Nonlinear
Estimation with
Conformal
Inference

References

Formal Guarantees in Data-Driven Systems

With all the tools we have learned so far, we can establish formal guarantees for
data-driven nonlinear systems under uncertainty with no theoretical black
boxes.

Contraction Theory UIUC Aerospace February 3, 2026 4 / 41
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Formal Guarantees in Data-Driven Systems

Let’s consider a nonlinear dynamical system given by

ẋ = f (x, t)

where f is unknown.
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Conformal Contraction

Suppose that

• we have somehow learned a prediction model f̂ (x, t)

• we have access to exchangeable N trajectory data of ẋ = f (x, t), t ∈ [0,T ]
not used for learning

• we know a contraction metric with M(x, t) ≻ 0 of ẋ = f̂ (x, t), i.e.,

Ṁ +M
∂ f̂

∂x
+

∂ f̂

∂x
M ⪯ −2αM and mI ⪯ M ⪯ mI

for α,m,m > 0.

Contraction Theory UIUC Aerospace February 3, 2026 6 / 41
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Conformal Contraction

We define the distance measured through the contraction metric as

dM(t) =

∫ x(t)

xd (t)
∥Θ(q(t), t)δq(t)∥

with M = Θ⊤Θ, where xd(t) is any desired trajectory that satisfies ẋd = f̂ (xd , t).

Contraction Theory UIUC Aerospace February 3, 2026 7 / 41
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Conformal Contraction

Theorem (Conformal Contraction12)

Suppose that a new trajectory of ẋ = f (x, t) is exchangeable with the N trajectory
data. Then we have the following bound with δ ∈ (0, 1):

P

[
dM(t) ≤ e−αtdM(0) +

√
mq1−δ

α

(
1− e−αt

)
, ∀t ∈ [0,T ]

]
≥ 1− δ

q1−δ = ⌈(1− δ)(N + 1)⌉-th smallest of (S1, · · · , SN), Si = sup
t∈[0,T ]

∥∥∥ẋi − f̂ (xi , t)
∥∥∥

with xi representing the N sampled trajectories.
1S. Wei, M. Ornik, and H. Tsukamoto. “Conformal contraction for robust nonlinear control

with distribution-free uncertainty quantification”. In: IEEE Conference on Decision and Control,
to appear. Dec. 2025. doi: TBA.

2R. A. D’Silva and H. Tsukamoto. “Conformally robust chance-constrained trajectory
optimization and control of non-Gaussian stochastic systems”. In: International Conference on
Robotics and Automation, to appear. 2025. doi: TBA.
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Conformal Contraction

Proof: Consider our approximate, differential Lyapunov function
V = δq⊤Mδq [5], where

• q̇ = f̂ (q, t) + µ(f (x, t)− f̂ (x, t))

• µ is the parameter of the virtual state q(µ, t) with q(1, t) = x and
q(0, t) = xd(t)

• δq̇ = (∂ f̂ /∂q)δq+ (f (x, t)− f̂ (x, t))dµ.

Contraction Theory UIUC Aerospace February 3, 2026 9 / 41
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Conformal Contraction

We have

V̇ ≤ −2αV + 2
√
m∥Θ(q, t)δq∥

∥∥∥f (x, t)− f̂ (x, t)
∥∥∥ .

Integrating it over µ, we have

ḋM ≤ −αdM +
√
m∥f (x, t)− f̂ (x, t)∥

which gives

ḋM(t) ≤ e−αtdM(0) +
√
me−αt

∫ t

0
eατ∥f (x, t)− f̂ (x, t)∥dτ, ∀t ∈ [0,T ]

≤ e−αtdM(0) +

√
m supt∈[0,T ]

∥∥∥f (x(t), t)− f̂ (x(t), t)
∥∥∥

α

(
1− e−αt

)
, ∀t ∈ [0,T ].

Contraction Theory UIUC Aerospace February 3, 2026 10 / 41
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Conformal Contraction

As we saw earlier, conformal inference gives

sup
t∈[0,T ]

∥∥∥f (x(t), t)− f̂ (x(t), t)
∥∥∥ ≤ q1−δ

at least with probability 1− δ, which completes the proof.

Contraction Theory UIUC Aerospace February 3, 2026 11 / 41
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Conformal Contraction

Contraction Theory

Robust Motion Planning

Conformal Prediction
Find 𝑀𝑀 via SoS and Convex Optimization s.t. 
1. Minimizes PRCI Tube size 
2. 𝑀𝑀(𝑥𝑥, 𝑡𝑡) is contracting 

𝑥𝑥(𝑡𝑡)

�𝑢𝑢(𝑡𝑡) Residual Dynamics

𝑅𝑅(𝑥𝑥, 𝑡𝑡)

OFFLINE
PHASE

ONLINE
PHASE

𝑥̅𝑥(𝑡𝑡)
Robust Controller 
with Probabilistic 

Guarantee
𝑢𝑢(𝑡𝑡)

1. Predict Residual 𝑅𝑅 𝑥𝑥, 𝑡𝑡  by trained neural nets 
2. Construct robust controller 𝑢𝑢(𝑡𝑡) with PRCI tube

𝛿𝛿𝛿𝛿 𝛿𝛿𝑥̇𝑥
Two neighboring 

trajectories

𝑡𝑡

Distribution

Prediction Tube

PRCI tube is constructed by Theorem 1

: 𝑥̅𝑥(𝑡𝑡) Nominal 
Trajectory 𝑀𝑀(𝑥𝑥, 𝑡𝑡)

𝑓𝑓𝑛𝑛𝑛𝑛𝑛𝑛(𝑥̅𝑥, �𝑢𝑢)

Statistical Guarantee by Theorem 2

Figure 1: Conformal Contraction [2, 3].

Contraction Theory UIUC Aerospace February 3, 2026 12 / 41



UIUC Aerospace

H. Tsukamoto

Formal
Guarantees in
Data-Driven
Systems

Conformal
Contraction

Conformal
Lyapunov

Conformal
Barrier

Summary

Appendix:
Nonlinear
Estimation with
Conformal
Inference

References

Table of contents

1 Formal Guarantees in Data-Driven Systems

2 Conformal Contraction

3 Conformal Lyapunov

4 Conformal Barrier

5 Summary

6 Appendix: Nonlinear Estimation with Conformal Inference

Contraction Theory UIUC Aerospace February 3, 2026 12 / 41



UIUC Aerospace

H. Tsukamoto

Formal
Guarantees in
Data-Driven
Systems

Conformal
Contraction

Conformal
Lyapunov

Conformal
Barrier

Summary

Appendix:
Nonlinear
Estimation with
Conformal
Inference

References

Conformal Lyapunov

Suppose that

• we have somehow learned a prediction model f̂ (x, t)

• we have access to exchangeable N trajectory data of ẋ = f (x, t), t ∈ [0,T ]
not used for learning

• we know a Lyapunov function V of ẋ = f̂ (x, t), i.e.,

V̇ =
∂V

∂t
+

∂V

∂x
f̂ (x, t) ≤ −2αV , m∥x∥2 ≤ V ≤ m∥x∥2, and ∥∂V /∂x∥ ≤ c̄

√
V

for α,m,m, c̄ > 0.

Contraction Theory UIUC Aerospace February 3, 2026 13 / 41
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Conformal Lyapunov

Theorem (Conformal Lyapunov3)

Suppose that a new trajectory of ẋ = f (x, t) is exchangeable with the N trajectory
data. Then we have the following bound with δ ∈ (0, 1):

P
[
∥x(t)∥ ≤ ∥x(0)∥e−αt

√
m

m
+

1
√
m

· c̄q1−δ

α

(
1− e−αt

)
, ∀t ∈ [0,T ]

]
≥ 1− δ

q1−δ = ⌈(1− δ)(N + 1)⌉-th smallest of (S1, · · · , SN), Si = sup
t∈[0,T ]

∥∥∥ẋi − f̂ (xi , t)
∥∥∥

with xi representing the N sampled trajectories.

3T.-W. Hsu and H. Tsukamoto. “Statistical guarantees in data-driven nonlinear control:
Conformal robustness for stability and safety”. In: IEEE Control Systems Letters 9 (2025),
pp. 997–1002. doi: 10.1109/LCSYS.2025.3578062.
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Conformal Lyapunov

Proof: For our approximate Lyapunov function V , we have

d
√
V

dt
≤ −α

√
V + c̄∥f (x, t)− f̂ (x, t)∥

which gives

√
V (x(t), t) ≤ e−αt

√
V (x(0), 0) + c̄e−αt

∫ t

0
eατ∥f (x, t)− f̂ (x, t)∥dτ, ∀t ∈ [0,T ]

≤ e−αt
√
V (x(0), 0) +

c̄ supt∈[0,T ]

∥∥∥f (x(t), t)− f̂ (x(t), t)
∥∥∥

α

(
1− e−αt

)
, ∀t ∈ [0,T ].

Contraction Theory UIUC Aerospace February 3, 2026 15 / 41
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Conformal Lyapunov

As we saw earlier, conformal inference gives

sup
t∈[0,T ]

∥∥∥f (x(t), t)− f̂ (x(t), t)
∥∥∥ ≤ q1−δ

at least with probability 1− δ, which completes the proof.
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Conformal Lyapunov

Time

𝑉
(𝑥

𝑡
)
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Time

ℎ
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𝑡
)

𝑇

0

safe

unsafe

Time 𝑇
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nt
y

Uncertainty Quantification
by Conformal Prediction

𝒒𝟏−𝜹

CR-Lyapunov

CR-Barrier

Exponential Stability 

Safety 

Our framework is 
1. Fully data-driven (no knowledge of true dynamics)
2. Prediction-agnostic (no structural constraint on prediction)
3. Distribution-free (no assumption on distribution of uncertainty)

trajectory data
Trajectories stay

in                w/ probability
≥ 𝟏− 𝜹 

stable

(can be) unstable

Figure 2: Conformal Robustness [1].
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Conformal Barrier

As implied in Figure 2, we have a similar result for barrier functions.
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Conformal Barrier

Suppose that

• we have somehow learned a prediction model f̂ (x, t)

• we have access to exchangeable N trajectory data of ẋ = f (x, t), t ∈ [0,T ]
not used for learning

• we know a (zeroing) barrier function h of ẋ = f̂ (x, t), i.e.,

ḣ =
∂h

∂t
+

∂h

∂x
f̂ (x, t) ≥ −αh and ∥∂h/∂x∥ ≤ h̄

for α, h̄ > 0.

Contraction Theory UIUC Aerospace February 3, 2026 19 / 41
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Conformal Barrier

Theorem (Conformal Barrier4)

Suppose that a new trajectory of ẋ = f (x, t) is exchangeable with the N trajectory
data. Then we have the following bound with δ ∈ (0, 1):

P
[
h(x(t), t) ≥ e−αth(x(0), 0)− h̄q1−δ

α

(
1− e−αt

)
, ∀t ∈ [0,T ]

]
≥ 1− δ

q1−δ = ⌈(1− δ)(N + 1)⌉-th smallest of (S1, · · · , SN), Si = sup
t∈[0,T ]

∥∥∥ẋi − f̂ (xi , t)
∥∥∥

with xi representing the N sampled trajectories.

4T.-W. Hsu and H. Tsukamoto. “Statistical guarantees in data-driven nonlinear control:
Conformal robustness for stability and safety”. In: IEEE Control Systems Letters 9 (2025),
pp. 997–1002. doi: 10.1109/LCSYS.2025.3578062.
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Conformal Barrier

Proof: For our approximate barrier function h, we have

dh

dt
≥ −αh − h̄∥f (x, t)− f̂ (x, t)∥

which gives

h(x(t), t) ≥ e−αth(x(0), 0)− h̄e−αt

∫ t

0
eατ∥f (x, t)− f̂ (x, t)∥dτ, ∀t ∈ [0,T ]

≥ e−αth(x(0), 0)−
h̄ supt∈[0,T ]

∥∥∥f (x(t), t)− f̂ (x(t), t)
∥∥∥

α

(
1− e−αt

)
, ∀t ∈ [0,T ].
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Conformal Barrier

As we saw earlier, conformal inference gives

sup
t∈[0,T ]

∥∥∥f (x(t), t)− f̂ (x(t), t)
∥∥∥ ≤ q1−δ

at least with probability 1− δ, which completes the proof.
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Conformal Contraction, Lyapunov, & Barrier

Note that all the ideas discussed so far can be used explicitly for controller
design [1, 2, 3, 4].
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Formal Guarantees in Data-Driven Systems

In summary, we need the following three layers for obtaining guarantees in
data-driven systems:

(1) Derive robust guarantees in nominal systems (e.g., Lyapunov, barrier,
contraction, etc.)

(2) Offset discrepancies between nominal and off-nominal systems with known
structures (e.g., adaptive control, reinforcement learning, online learning with
known hypothesis functions, etc.)

(3) Quantify discrepancies between off-nominal systems with known structures
and unknown structures (e.g., structural learning, PAC-Bayes, conformal
inference, etc.)

Contraction Theory UIUC Aerospace February 3, 2026 24 / 41
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Formal Guarantees in Data-Driven Systems

Just to reiterate, we made no assumptions about the structure or
distribution of the uncertainties v and w in deriving the finite-sample
guarantees.
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Formal Guarantees in Data-Driven Systems

Exchangeability can be a restrictive assumption here, but it is strictly weaker than
the i.i.d. assumption and can be relaxed further to accommodate
nonexchangeable data [6, 7].
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Formal Guarantees in Data-Driven Systems

However, the guarantees are valid only in a probabilistic and finite-time sense,
making it strictly weaker than those derived under structural or distributional
assumptions.

While disproving this statement is part of our ongoing research efforts, such a
limitation may be inherent in any control + machine learning approach
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Formal Guarantees in Data-Driven Systems

Therefore, at least for now, particularly in safety-critical applications in
autonomous systems, we should

• exploit structural and distributional priors of systems as much as possible to
establish nominal guarantees, e.g., using contraction theory, and

• address the remaining unstructured uncertainties through data to establish
off-nominal statistical guarantees, e.g., using conformal inference.

Contraction Theory UIUC Aerospace February 3, 2026 28 / 41
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Nonlinear Estimation with Conformal Inference

Note that the topics we’ll be discussing from now on are part of ongoing research.
I will no longer be able to provide definite answers.

I expect you to think critically and creatively, coming up with your own ideas.
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Nonlinear Estimation with Conformal Inference

Let’s go back to the example of state estimation in the following perturbed
nonlinear dynamical systems:

ẋ(t) = f (x(t),u(t), t) + v(p(t), t)

y(t) = h(x(t),u(t), t) +w(p(t), t)

where f and h are known, but v and w are unknown. The parameters p(t) are
assumed to be accessible, although this assumption can be relaxed if necessary.
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Nonlinear Estimation with Conformal Inference

Instead of assuming that the uncertainties w(p, t) and v(p, t) are bounded, let us
construct uncertainty predictors using the following loss functions:

L(θv) =
M∑
j=1

∥v̂(pj , tj ; θv)− vj∥2

L(θw) =
M∑
j=1

∥ŵ(pj , tj ; θw)−wj∥2

where {(pj , tj , vj)}Mj=1 and {(pj , tj ,wj)}Mj=1 with vj = v(pj , tj) and wj = w(pj , tj)
are training data samples.
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Nonlinear Estimation with Conformal Inference

Here, we can use any machine learning methods for designing v̂ and ŵ, e.g., with
gradient descent, but the parameters θv, θw can be empirical and need not
be optimal.
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Nonlinear Estimation with Conformal Inference

We could design a state estimator as follows:

˙̂x = f (x̂,u, t) + v̂(p, t; θv) + L(x̂, t) (y − h(x̂,u, t)− ŵ(p, t; θw))

where our intention is to approximately cancel out the uncertainties with our
empirical predictions.
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Nonlinear Estimation with Conformal Inference

A virtual system can be designed as follows:

q̇(µ, t) = f (q(µ, t),u, t) + (1− µ)v(p, t) + µv̂(p, t; θv)

+ L(x̂, t)(h(x,u, t)− h(q(µ, t),u, t)) + µL(x̂, t)(w(p, t)− ŵ(p, t; θw))

where q(µ, t) is a smooth path connecting x and x̂, parameterized by µ ∈ [0, 1]
with

• q(0, t) = x(t)

• q(1, t) = x̂(t).
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Nonlinear Estimation with Conformal Inference

The differential dynamics is given as

∂q̇

∂µ
=

(
∂f (q,u, t)

∂q
− L(x̂, t)

∂h(q,u, t)

∂q

)
∂q

∂µ

+ (v̂(p, t; θv)− v(p, t))− L(x̂, t)(ŵ(p, t; θw)−w(p, t)).

As a contraction condition, we assume that i.e., ∃M(q, t) ≻ 0 and α > 0 s.t. the
following holds for ∀q, x̂,u, t:

Ṁ +M

(
∂f

∂q
− L(x̂, t)

∂h

∂q

)
+

(
∂f

∂q
− L(x̂, t)

∂h

∂q

)⊤
M ⪯ −2αM

where the arguments of M, f , and h are omitted here for simplicity.
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Nonlinear Estimation with Conformal Inference

Let ∆v(p, t) = v̂(p, t; θv)− v(p, t) and ∆w(p, t) = ŵ(p, t; θw)−w(p, t) for
notational simplicity. We get

d

dt

(
∂q

∂µ

⊤
M

∂q

∂µ

)
≤ −2α

∂q

∂µ

⊤
M

∂q

∂µ
+ 2

∂q

∂µ

⊤
M(∆v(p, t)− L(x̂, t)∆w(p, t))

≤ −2α
∂q

∂µ

⊤
M

∂q

∂µ
+ 2

√
m ∥∆v(p, t)− L(x̂, t)∆w(p, t)∥

∥∥∥∥Θ∂q

∂µ

∥∥∥∥
and then

d

dt

∥∥∥∥Θ∂q

∂µ

∥∥∥∥ ≤ −α

∥∥∥∥Θ∂q

∂µ

∥∥∥∥+√
m ∥∆v(p, t)− L(x̂, t)∆w(p, t)∥ .
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Nonlinear Estimation with Conformal Inference

Given exchangeable calibration trajectory data samples {(pi (t), x̂i (t))}Ni=1 for
t ∈ [0,T ], we may define the prediction nonconformity score as

Si = sup
t∈[0,T ]

∥∆v(pi (t), t)− L(x̂i (t), t)∆w(pi (t), t)∥

which implies

P

[
sup

t∈[0,T ]
∥∆v(p(t), t)− L(x̂(t), t)∆w(p(t), t)∥ ≤ q1−δ

]
≥ 1− δ

where

q1−δ = ⌈(1− δ)(N + 1)⌉-th smallest of (S1, · · · , SN).
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Nonlinear Estimation with Conformal Inference

We thus get

P

[
dM(t) ≤ dM(0)e−αt +

√
mq1−δ

α

(
1− e−αt

)
, ∀t ∈ [0,T ]

]
≥ 1− δ

where

dM(t) =

∫ 1

0

∥∥∥∥Θ(q(µ, t), t)
∂q(µ, t)

∂µ

∥∥∥∥ dµ
represents the state estimation error measured through the contraction metric.
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Nonlinear Estimation with Conformal Inference

More intuitively, we have

P
[
∥x̂(t)− x(t)∥ ≤ dM(0)e−αt

√
m

+
q1−δ

α

√
m

m

(
1− e−αt

)
, ∀t ∈ [0,T ]

]
≥ 1− δ.
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